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Abstract
In this paper, we consider the initial value problem for the Einstein-Vlasov-Scalar field equations in
temporal gauge, where the initial data are prescribed on two characteristic smooth intersecting hypersurfaces.
From a suitable choice of some free data, the initial data constraints’s problem is solved globally, then the
evolution problem relative to the deduced initial data is solved locally in time.
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1 Introduction
In this paper, we prove a local (in time) well-posedness result for the characteristic Cauchy problem for the
Einstein-Vlasov-scalar field equations in temporal gauge, when the data are assigned on two characteristic
intersecting smooth hypersurfaces. Indeed, in General relativity, there are basically two types of Cauchy
problem: the ordinary spacelike Cauchy problem for the Einstein equations, and the characteristic initial
value problem for these same equations. In the first case, the system of constraints’s equations is standard,
ie. the Hamiltonian and momentum constraints ([2], Chap. 7; [3]); they depend only of the nature of the
Einstein equations, are independent of the choice of the gauge and of the corresponding evolution system.
In the case of the characteristic Cauchy problem, the set of constraints’s equations includes the standard
constraints and additional constraints induced by the choice of the gauge, the evolution system considered,
the free data, and obviously the form of the stress-energy momentum tensor of the considered matter. The
gauge commonly used for the characteristic Cauchy problem is the harmonic gauge, see: [14] where the
Einstein equations in vacuum or perfect fluid are considered, with data assigned on two null intersecting
smooth hypersurfaces, [7],[8],[9] for the study of the Einstein-Yang-Mills equations with data prescribed on
two intersecting smooth hypersurfaces, [10] where various aspects of the characteristic Cauchy problem in
General relativity are reviewed, [6] for the analysis of the Cauchy problem on a characteristic cone for the
Einstein equations, and [5] where kinematic matter is considered for the Cauchy problem on a characteristic
cone, using generalized wave map gauge, in the important case of astrophysical studies. Another gauge used
recently by other authors is the ” Double null foliation gauge” introduced for the study of the Cauchy problem
for the Einstein equations in vacuum [1],[11]. In presence of the Vlasov’s field, the hierarchical method of
resolution of the constraints developed by A.D. Rendall [14] in the case of the harmonic gauge is less suitable;
this is due to some difficulties caused by the presence of all the components of the metric in each component
of the stress-energy momentum tensor generated by the Vlasov’s matter. Such difficulties are mentioned in
[5],[12],[15]. Furthermore C. Tadmon in [15] attempted to solve this problem in harmonic coordinates, but
this author was forced to impose unnatural restrictive conditions (of integral type) for the initial density of the
particles on the initial hypersurfaces. To tackle these difficulties, we opted for the temporal gauge. Following
Y. Choquet-Bruhat [3],[2], we chose the evolution system; and then highlighted the system of constraints
which are of two kinds, the usual Hamiltonian and momentum constraints (3.5), and other constraints (3.6)
due to the condition of temporal gauge, all described in coordinates (yδ) (3.1), adapted to the geometry of
the initial hypersurfaces. The constraints C˜ab − g˜
cd
C˜cd
n−1 g˜ab = 0, (a, b = 2, ..., n), extracted from (3.6) have
their similar in the ”Double null foliation gauge” [1]. The theorem 1 of the paper resumes in temporal gauge
the entire set of the constraints to solve from some free data, in order to prescribe the full set of initial data
for the considered evolution system, while theorem 2 deals with the resolution of these constraints. For a
suitable choice of some free data, this system of constraints (3.5)-(3.6) is solved hierarchically. The last part
of the article is devoted to the existence theorem for the Einstein Vlasov-Scalar field equations. For sake of
simplicity, we have considered the C∞ initial data.
1
2 Geometric setting and formulation of the problem
Let (xα) = (x0, x1, xa), (α = 0, 1, ..., n; a = 2, ..., n), denotes the global canonical set of coordinates of
R
n+1 = R2 ×Rn−1, (n ≥ 3). B is a compact domain of Rn−1, Y := {(xα) ∈ Rn+1, x0 − |x1| ≥ 0, (xa) ∈ B},
I0 = {(xα) ∈ Y : x0 + x1 = 0}, I1 = {(xα) ∈ Y : x0 − x1 = 0}. One considers in Ŷ := Y × Rn the Cauchy
problem for the Einstein-Vlasov-Scalar field system when the initial hypersurfaces I0 and I1 are null w.r.t.
the prescribed initial data. This system of unknown function (g, ρ,Φ) reads
Hg : Gµν ≡ Rµν − 2−1gµνR = Tµν , (2.1)
Hρ : p
α ∂ρ
∂xα
− Γiµνpµpν
∂ρ
∂pi
= 0, (2.2)
HΦ : Φ = V
′(Φ). (2.3)
The Einstein equations Hg describe the gravitational potential g, while the Vlasov equation gives a statistical
description of a collection of particles of rest mass m and density ρ ≡ ρ(x, p0, pi), which move towards the
future (p0 > 0) in their mass shell P := {(x, pµ) ∈ Y × Rn+1/gµνpµpν = −m2, p0 > 0}. The wave equation
HΦ for the matter field Φ (of potential V ) expresses the divergence free of the stress-energy momentum tensor
of matter. The terms Rµν , R and Gµν design respectively the components of the Ricci tensor, the scalar
curvature, the components of the Einstein tensor G, relative to the searched metric g, while the Tµν are
the components of the stress-energy momentum tensor of matter. The Γλµν are the Christoffel symbols of g
and the pλ stand as the components of the momentum of the particles w.r.t. the basis ( ∂∂xα ) of the fiber
Px := {(pα) ∈ Rn+1/gµν(x)pµpν = −m2, p0 > 0} of P. The Tµν are given by
Tαβ = ∂αΦ∂βΦ− 1
2
gαβ(g
µν∂µΦ∂νΦ + V (Φ)) −
∫
{g(p,p)=−m2}
ρ(xν , pµ)pαpβ
√
|g|
p0
dp1...dpn. (2.4)
In this setting, we choose the temporal gauge [3], contrary to the usual harmonic gauge [3], [5], [10],[14], [15];
ie. we choose a zero shift and ”densitize” the lapse, requiring the time to be in wave gauge: g0i = 0, Γ
0 ≡
gλδΓ0λδ = 0, i = 1, ..., n;λ, δ = 0, 1, ..., n. The metric has then the form
g = −τ2(dx0)2 + gijdxidxj . (2.5)
One denotes by ∇ the connection w.r.t. the induced metric g on Λt : x0 = t.
Setting Λµν = Tµν +
gλδTλδ
1−n gµν , and following Choquet Bruhat (see [3],[2]), one chooses as evolution system
attached to (Hg, HΦ, Hρ), the system (Hg, HΦ, Hρ) where Hg is
Hg : ∂0Rij −∇iRj0 −∇jRi0 = ∂0Λij −∇iΛj0 −∇jΛi0; (2.6)
and its principal part is ∂0gij . The considered problem splits thus in two problems that are the initial data
constraints’s problem and the evolution problem for the third order quasi-diagonal Leray hyperbolic system
(Hg, HΦ, Hρ). The first consists to study how to prescribe a large class of initial data (g0, k0, φ0, ρ0) on
(I = I0∪I1)×Rn s.t. for any solution (g,Φ, ρ) of the evolution system (Hg, HΦ, Hρ) in a neighborhood Ŷ of
I×Rn satisfying g|I = g0, (∂0g)|I = k0, Φ|I = φ0, ρ|I = ρ0, (g,Φ, ρ) is solution of the Einstein-Vlasov-Scalar
field equations (Hg, HΦ, Hρ) in Ŷ , where g is of the form (2.5) with τ
2 = (c(xi))2|g|, and c is determined by
the prescribed data such that Γ0 = 0 in Y .
3 The characteristic initial data constraints
To describe the full set of constraints, we introduce the coordinates (yδ) defined by
ym = x0 + (−1)mx1, ya = xa; a = 2, ..., n;m = 0, 1; (3.1)
and require the assumptions:
(M)m : the vector fields
∂
∂y1−m is tangent to the null geodesics generating Im, m = 0, 1; (3.2)
clearly sufficient in temporal gauge to carry out the analysis, and which are similar to the affine parametriza-
tion conditions of [14],[6]. The components of tensors in coordinates (yδ) are equipped with a tilde ”˜”.
The assumptions (M)m induce that the trace on I0 and I1 of the searched metric g has the specific form
g|Im = g˜01(dy
0dy1 + dy1dy0) + g˜abdy
adyb; a, b = 2, ..., n. (3.3)
Correspondingly, the restrictions to I0 and I1 of the components of the Einstein tensor and the momentum
tensor in coordinates (yδ) infer the constraints (3.6) below and the following theorem.
2
Theorem 1 Let (g,Φ, ρ) be any C∞ solution of the evolution system (Hg, HΦ, Hρ) in a neighborhood V of
I × Rn, and let
g = −τ2(dx0)2 + gijdxidxj ; (3.4)
s.t. the temporal gauge condition is satisfied in V. One sets C˜µν = G˜µν − T˜µν , C˜ = g˜µν C˜µν and one assumes
that w.r.t. the metric g, the hypotheses (Mm) (3.2) and the relations
C˜mλ = 0, λ = 0, ..., n; m = 0, 1; m = 1−m; (3.5)
C˜ab − g˜
cd
C˜cd
n− 1 g˜ab = 0; C˜mm − 2
g˜01
n− 1 C˜+ g˜01
∂(Γ˜0 + Γ˜1)
∂ym
= 0; a, b, c, d = 2, ..., n; (3.6)
are satisfied on (Im),m = 0, 1; then (g,Φ, ρ) is a solution of the Einstein-Vlasov Scalar field equations
(Hg, HΦ, Hρ) in V.
Proof 1 - If (g,Φ, ρ) is a C∞ solution of the evolution system (Hg, HΦ, Hρ) and if the relations (3.4),
(3.5),(3.6) are satisfied for g of the form 3.3, then on I0
C00 = C01, C11 = C01, C1a = C0a, Cab = −C01
g11
gab, C˜ = −n− 1
g11
C01; a, b = 2, ..., n; (3.7)
furthermore, the divergence free properties of the Einstein tensor (Gµν) and the stress energy momentum
tensor of matter (Tµν) of g (3.4), imply that on I0 one has
∇αCαβ |I0 = 0,
(
∂0(Rij − Λij)−∇iCj0 −∇jCi0
)
|I0 = 0. (3.8)
By combining the relations (3.7) and (3.8), one obtains on I0 the system
g11∂1[C0i] + Li([C0j ]) = 0; (3.9)
where for i = 1, ..., n, Li is a linear homogeneous expression in terms of [C0j ] ≡ C0j |I0 , j = 1, ..., n. This
system has zero data on S since the constraints (3.5)-(3.6) are satisfied on S, and one deduces that [C0i] = 0,
after that, Cµν = 0 on I0 thanks to the relations (3.7). In the same way it is shown that Cµν = 0 on I1.
Now, to prove that ∂0C
µν = 0 on I0, one restricts to I0 the following linear homogeneous system satisfied by
the Cµν in V ( see [3], pages [407-414], or [13]),
∂0C
00 + L00(Cγα, ∂iC
i0) = 0 (3.10)
∂0C
ij + Lij(Cγα, ∂sC
k0) = 0 (3.11)
gC
0j + L0j(Cγα, ∂sC
δβ) = 0. (3.12)
By combining these restrictions, the system (3.12) restricted to I0 appears as a homogeneous linear system
of propagation equations on I0 with unknowns the restrictions to I0 of ∂0C0i, i = 1, ..., n. To show that this
system has zero data on S, one restricts to S the systems (3.10)-(3.11) and first deduces that on S, ∂0C00 =
0, ∂0C
ij = 0, after that, one uses the restrictions to S of the properties ∇αCαi = 0, i = 1, ..., n to conclude
that ∂0C
0i = 0 on S. One deduces that on I0, ∂0C0i = 0, i = 1, ..., n and subsequently ∂0C00 = 0, ∂0Cij = 0
on I0, thanks to the linear system (3.10)-(3.11). We remark that similar reasoning holds on I1. Finally
C
µν = 0 in V thanks to another linear homogeneous hyperbolic system in V , derived from (3.10)-(3.12) which
is of principal part ∂0C
µν ( see [3], pages [407-414], or [13]) 
Remark 1 We emphasize that the relations (3.5) and (3.6) depend only of the Cauchy data on Im for the
evolution system (Hg, HΦ, Hρ) as shown in the next section.
4 The choice of free data and construction of the full set of initial
data for the evolution system (Hg, HΦ, Hρ)
To proceed to the choice of the free data from which the full set of initial data of the evolution system
(Hg, HΦ, Hρ) can be determined, it is necessary to give a complete description of the constraints (3.5)-(3.6)
in terms of the Cauchy data of the evolution system (Hg, HΦ, Hρ). Indeed, setting
g˜01|I0 = θ, g˜ab|I0 = Θab, Φ|I0 = φ, ρ|I0 = f, ψµν =
∂g˜µν
∂y0
, ∂µ =
∂
∂yµ
, dp˜ ′ = dp˜1...dp˜n, (4.1)
3
the Hamiltonian constraint C˜11 = 0 and the momentum constraints C˜1a = 0, a = 2, ..., n, reduce on I0
respectively to the following partial differential relations of the Cauchy data (θ,Θab, ψ11, f, φ) respectively
(θ,Θab, f, φ, ψ1i), i = 1, ..., n, of the evolution system (Hg, HΦ, Hρ), ie.:
Θcb∂1Θcb ψ11 + 2θ∂1
(
Θab∂1Θab
)
+ θ
(
Θcb∂1Θbd
) (
Θde∂1Θce
)− 2∂1θΘab∂1Θab
= 4 (∂1φ)
2 − 2
∫
Rn
f
|θ|
√
|Θ|(m2 +Θabp˜ap˜b)2
(p˜1)2
dp˜ ′; (4.2)
∂1ψ1a +
ψ11 + θΘ
cd∂1Θcd − ∂1θ
2θ
ψ1a +
ψ11∂aθ
2θ
+
(
Θcb∂1Θca
)
∂bθ − 3
2
(∂1θ)(∂aθ)
θ
+ ∂21aθ
−θ∂c(Θcb∂1Θab) + 1
2
∂a(Θ
cdΘcd)− θ2∂aψ11 −Θcb(∂cθ)(∂1Θba)− θ
2
ΘdeΘcb(∂1Θba)(∂cΘde)
+
θ
2
ΘdeΘcb(∂1Θdb)(∂aΘec+∂cΘea−∂eΘac) = 2θ
(
∂1φ∂aφ+
∫
Rn
f|θ|
√
|Θ|(m2 +Θcdp˜cp˜d)Θabp˜b
(p˜1)2
dp˜ ′
)
. (4.3)
The constraint C˜10 = 0 is in turn a partial differential relation of the Cauchy data (θ,Θab, f, φ, ψ1i, ψab), i =
1, ..., n, a, b = 2, ..., n, of the evolution system (Hg, HΦ, Hρ) which, by setting χ = Θ
abψab, reads
∂1χ+
1
2
(Θcd∂1Θcd − ψ11
θ
)χ−Θab∂aψ1b + 1
2
ΘcdΘab(2∂aΘcb − ∂cΘab)ψ1d + θΘab∂2ab ln |θ|+
θ
2
Θab∂b(Θ
cd∂aΘcd)− θ
2
Θab∂c
[
Θcd(2∂aΘbd − ∂dΘab)
]
+
1
2θ
Θab(ψ1aψ1b + ∂aθ∂bθ) + θΘ
abΓ˜dacΓ˜
c
db
− θ(∂c ln |θ|+ Γ˜ddc)ΘabΓ˜cab =
(
Θcd∂cφ∂dφ+ V (φ)
)
+ 2
∫
Rn
f
θ
√
|Θ|(m2 +Θabp˜ap˜b)
p˜1
dp˜ ′; (4.4)
with Γ˜cab =
1
2Θ
cd(∂aΘbd + ∂bΘad − ∂dΘab), a, b, c, d = 2, ..., n.
For the constraints’s equations C˜ab − g˜
cdC˜cd
n−1 g˜ab = 0, (a, b, c, d = 2, ..., n), extracted from (3.6), they are also
partial differential relations of the Cauchy data (θ,Θab, f, φ, ψ1i, ψab), (i = 1, ..., n, a, b = 2, ..., n), of the
system (Hg, HΦ, Hρ), ie.:
∂1ψab +
1
2
(
(−ψ11
θ
+Θef∂1Θef )δ
c
aδ
d
b −
1
θ
(Θce∂1Θeaδ
d
b +Θ
ed∂1Θebδ
c
a)
)
ψcd
−θ
2
∂c
(
Θcd(∂bΘda + ∂aΘdb − ∂dΘab)
)
+
1
2
Θcdψ1d(∂bΘca + ∂aΘcb − ∂cΘba)
−1
2
(∂bψ1a − ∂aψ1b) + θ∂2ab ln |θ|+
θ
2
∂b(Θ
cd∂aΘcd) +
1
4θ
ψ1a(2ψ1b − ∂bθ)+
Γ˜dacΓ˜
c
db +
θ
2
∂1Θabχ− θ(∂c ln |θ|+ Γ˜ddc)Γ˜cab =
R˜(n−1) −ΘcdT˜cd
n− 1 Θab + T˜ab; a, b, c, d, e, f = 2, ..., n; (4.5)
R˜(n−1) ≡ ΘcdR˜cd = ∂1χ
θ
+
1
2θ
(Θcd∂1Θcd − ψ11
θ
)χ− Θ
ab∂aψ1b
θ
+ Θab∂2ab ln |θ|+
1
2θ
ΘcdΘab(2∂aΘcb − ∂cΘab)ψ1d + 1
2
Θab∂b(Θ
cd∂aΘcd)− 1
2
ΘabΘcd(2∂aΘbd − ∂dΘab)+
1
2θ2
Θab(ψ1aψ1b + ∂aθ∂bθ) + Θ
abΓ˜dacΓ˜
c
db − (∂c ln |θ|+ Γ˜ddc)ΘabΓ˜cab; (4.6)
T˜ab = ∂aφ∂bφ− 1
2
Θab
(
2
θ
[
∂Φ
∂y0
]
(∂1φ) + Θ
cd∂cφ∂dφ+ V (φ)
)
−
∫
Rn
f
2θ
√
|Θ|ΘaeΘbf p˜ep˜f
p˜1
dp˜′. (4.7)
The last constraint C˜00 − 2 g˜01n−1 C˜+ g˜01 ∂(Γ˜
0+Γ˜1)
∂y0 = 0 is a partial differential relation comprising all the Cauchy
data of the evolution system (Hg, HΦ, Hρ), ie.:
∂1ψ01 − 1
2
(
χ
2
+ ∂1 ln |θ|)ψ01 + θ
2
∂1χ− 3θ
2
Θcdψ1d∂cθ +
θ
2
(∂dΘ
dc)∂cθ +
θ
2
Θcd∂2cdθ
−3
4
Θcbψ1bψ1c +
1
4
Θcb∂bθ∂cθ − χ
4
ψ11 +
θ
2
ΘcbΓ˜dcd∂bθ −
1
2
(∂1 ln |θ|)ψ11 − 1
8
(Θcb∂1Θcb)ψ11
+
∂1ψ11
2
− ψ
2
11
2θ
− θ
4
Θab∂1ψab − ψ11∂1θ
2θ
−Θadψ1dψ1a + θ
2
ΘacΘbd(∂1Θab)ψcd
4
=
θ
2
([
∂Φ
∂y0
]2
− 2
∫
Rn
f |θ|3
√
|Θ| p˜1 dp˜′
)
− θ
2
2
(R˜(n−1) + 2
ΘabT˜ab
n− 1 ). (4.8)
We note that a similar description of the constraints (3.5)-(3.6) ( for m = 1) in terms of the Cauchy data
(θ, Θab, ψ1ν , ψab, φ, f) on I1 × Rn of the evolution system (Hg, HΦ, Hρ) is also valid, where:
θ := g˜01|I1, Θab := g˜ab|I1 , φ := Φ|I1, f := ρ|I1 , ψµν :=
∂g˜µν
∂y1
. (4.9)
The free data The free data making possible the resolution of the constraints (3.5)-(3.6) comprise:
(a)- C∞ functions γ˜ab = γab(y0 − y1, ya) where the γab ≡ γab(x1, xa) are C∞ functions of the variables x1, xa
that make up a symmetric positive definite matrix satisfying
∣∣∣γab ∂γab∂x1 ∣∣∣ > 0;
(b)- smooth functions (θ, φ) on I0, and f on I0 ×Rn (respectively (θ, φ) on I1, and f on I1 × Rn) s.t. θ, θ
are negative, f (respectively f) is non negative of compact support contained in {p˜1 > c1 > 0} (respectively
{p˜0 > c0 > 0}) for a mass m 6= 0; and for the zero mass the support of f (respectively f) is contained in
{p˜1 > c1 > 0,
∑n
a=2(p˜
a)2 > c′2 > 0} (respectively {p˜0 > c0 > 0,
∑n
a=2(p˜
a)2 > c2 > 0}), besides that,
Supp(f) ∩ (S × Rn) = ∅, Supp(f) ∩ (S × Rn) = ∅; and one has compatibilities relations
θ = θ, φ = φ, on S , f = f on S × Rn. (4.10)
Theorem 2 Given the free data as described above by (a)-(b). Then, there exists a unique global solution
(θ, Θab, ψ1ν , ψab, φ, f) on I0 ×Rn and (θ, Θab, ψ1ν , ψab, φ, f) on I1 ×Rn) of the initial data constraints
(3.5)-(3.6) for the Einstein-Vlasov Scalar field equations.
Proof 2 We concentrate on the case of I0 × Rn and an analogous scheme holds on I1 × Rn
Given the free data (a)-(b), one solves the constraints . Indeed, for the case of I0, let set Θab(y1, ya) =
γab(−y1, ya), Θab(y0, ya) = γab(y0, ya); then |Θab∂1Θab| > 0, and ψ11 solves algebraically the Hamiltonian
constraint C˜11 = 0 as described by (4.2). The other constraints (4.3)-(4.8) are hierarchical linear ordinary
differential equations of the variable y1 depending smoothly on the parameters ya, a = 2, ..., n. They are
solved hierarchically via the theory of ordinary differential systems, using the initial conditions
ψab|S =
∂γab
∂x1 |S
, ψ
ab|S
= −∂γab
∂x1 |S
, ψ01|S =
∂θ
∂y0 |S
, ψ
01|S
=
∂θ
∂y1 |S
, ψ1i|S = 0, ψ0i|S = 0; (4.11)
one obtains a unique global solution (ψ1a, ψab, ψ01), a, b = 2, ..., n . Concretely, one considers the momentum
constraint C˜01 = 0 described in (4.4) and the constraints Zab ≡ C˜ab − g˜
cdC˜cd
n−1 g˜ab = 0 described in (4.5) for
(a, b) 6= (2, 2) since (Zab), (a, b = 2, ..., n), is a traceless tensor. One can first solve the constraint (4.4)
of unknown χ = Θabψab. After that one solves the constraints (4.5) of unknowns ψab for (a, b) 6= (2, 2)
provided ψ22 takes the value ψ22 =
1
Θ22 (χ −
∑
(a,b) 6=(2,2)
Θabψab), and where Θ
abR˜ab ≡ R˜(n−1) equals −2 T˜01θ
since C˜01 = 0 is satisfied. That Z22 = 0 is also satisfied with ψ22 =
1
Θ22 (χ−
∑
(a,b) 6=(2,2)
Θabψab) follows from the
traceless property of (Zab). For the outgoing derivative
[
∂Φ
∂y0
]
which appears in the constraints (4.5), (4.8),
it is obtained by solving, using the initial datum
[
∂Φ
∂y0
]
|S
=
∂φ
∂y0 (0, y
a), the propagation equation obtained by
restricting the equation HΦ to I0. At least the constraint (4.8) determines ψ01
5 Resolution of the evolution system (Hg, HΦ, Hρ)
Theorem 3 Given the free data γ = (γab) on R
n, (θ, φ) on I0, and f on I0 × Rn (respectively (θ, φ) on
I1, and f on I1 × Rn); as described in section 4. Then, there exists a unique (4-tuple) (V , g,Φ, ρ) s.t.: V is
a neighborhood of S in Y := {(yµ) ∈ Rn+1/y0 ≥ 0, y1 ≥ 0}; g is a Lorentzian metric on V of the form
g = −|g||γ| (dx
0)2 + gijdx
idxj ; g = (gij); (5.1)
(g,Φ, ρ) is a C∞ solution of the Einstein-Vlasov-Scalar field equations in V × {(pµ) ∈ Rn+1/gµνpµpν =
−m2, p0 > 0} with ρ of compact support; and g˜01|I0 = θ, g˜01|I1 = θ, g˜ab|I0 = γab(−y1, ya), g˜ab|I1 =
γab(y
0, ya), Φ|I0 = φ,Φ|I1 = φ, ρ|(I0×Px) = f, ρ|(I1×Px) = f.
5
Proof 3 Sketch of the proof (See Appendix A for a more extended version the proof)
Let denote by (g0, k0, ρ0, φ0) the solution of the initial data constraints problem as constructed in section
4, from the free data. To solve for the initial data (g0, k0, ρ0, φ0), the evolution system (Hg, HΦ, Hρ) in
the domain Ŷ := Y × Rn, we first proceed to the unique determination of the restrictions to the initial
hypersurfaces I0 and I1 of the derivatives of all order of the possible C∞ solution (g,Φ, ρ). Then, by using
some variants of the Borel’s classical lemma and some arguments of domain of dependence, we can transform
the evolution problem into a spacelike Cauchy problem (P) for a third order hyperbolic system of unknown
(h, f, A) defined in the domain Ω̂T ≡ ΩT ×Rn, with zero initial data on the spacelike hypersurface Λ0, where
for T > 0, 0 ≤ t ≤ T ,
Ωt := {(xα) ∈ Rn+1/0 < x0 < t; |xi| < K(2t− x0); i = 1, 2, ..., n}, Λτ := Ωt ∩ {x0 = τ}, 0 ≤ τ ≤ t, (5.2)
with K > 1 large enough s.t. the hypersurfaces
Hi := {(xα) ∈ Rn+1/ |xi| = K(2t− x0), 0 ≤ x0 ≤ t, i = 1, 2, ..., n} (5.3)
are spacelike w.r.t. the constructed metric
g0 = −|g0||γ| (dx
0)2 + g0ijdx
idxj . (5.4)
The linearized C∞ problem (Pl) associated to (P) is solved by applying the Leray’s theory of hyperbolic
systems and the classical method of characteristics.
Let s the smallest integer s.t. s > n2 + 2, there exists a suitable weighted Sobolev space Es(Ω̂T ) of order s, in
which one can develop a fixed point method based on some energy estimates established for the C∞ solution
of the linearized problem (Pl), and which leads to a unique solution (h, f, A) ∈ Es(Ω̂T ) of the problem (P), for
T > 0 small enough. Then the C∞ regularity of this solution (h, f, A) is established by showing by induction
on m and some classical arguments [4], that (h, f, A) ∈ Em(Ω̂T ) for every m ≥ s, and finally by using the
Sobolev embedding theorem. The evolution system (Hg, Hρ, HΦ) thus has a unique C∞ solution (g, ρ,Φ) for
the deduced initial data (g0, k0, ρ0, φ0)
Appendix A Sketch of the proof of theorem 3
Given the full initial data (g0, k0, ρ0, φ0) as constructed, in section 4, as the solution of the initial data
constraints’s problem, we consider now the characteristic Cauchy problem
P

Hg : ∂0Rij −∇iRj0 −∇jRi0 = ∂0Λij −∇iΛj0 −∇jΛi0, in Y ,
Hρ : p
α ∂ρ
∂xα − Γiµνpµpν ∂ρ∂pi = 0, in P,
HΦ : gΦ = V
′(Φ), in Y ,
(g, ∂0g, ρ,Φ)|I = (g0, k0, ρ0, φ0).
(A.1)
A first step towards the solving of the problem P consists to determine uniquely, by induction on k ∈ N, the
functions ψ(k) defined as the trace on the initial hypersurface I of the derivatives
(
∂kg
(∂x0)k ,
∂kρ
(∂x0)k ,
∂kΦ
(∂x0)k
)
of the
possible C∞ solution (g, ρ,Φ) of the problem P . Using subsequently some variants of Borel’s classical lemma,
we can construct an auxiliary function w = (µ = (µij), ̺, κ) ∈ C∞(ΩT × Rn) s.t.
(
∂kµ
(∂x0)k
, ∂
k̺
(∂x0)k
, ∂
kκ
(∂x0)k
)
/I
=
ψ(k) for every k ∈ N, where, for 0 ≤ t ≤ T, 0 ≤ τ ≤ t, Ωt, Λτ are defined in (5.2). The function w verifies thus
on I the evolution system (Hg, Hρ, HΦ) and its derivatives of all orders. Introducing now the new unknown
v = u − w = (h˜, A˜, f˜) with h˜ = g − µ, f˜ = ρ − ̺, A˜ = Φ − κ, we can transform the problem P into a zero
initial data characteristic Cauchy problem P1 in P, which is of the form
P1

Hh˜ : g˜
λνDλν∂0h˜ij = F˜ij(x,D
αh˜lk, D
β f˜ , DαA˜), |α| ≤ 2,
Hf˜ : p˜
α ∂f˜
∂xα + P˜
i ∂f˜
∂pi + LZ̺ = 0, Z = (p˜ν , P˜ i)
HA˜ : g˜
λνDλνA˜ = F˜ (x, ,D
β h˜lk, D
γA˜), |β| ≤ 1, |γ| ≤ 1
(∂k0 h˜, ∂
k
0 f˜ , ∂
k
0 A˜)/I = (0), ∀ k ∈ N;
(A.2)
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where α = (α0, α1, ..., αn) ∈ Nn+1, |α| = α0 + α1 + ... + αn, Dα ≡ ∂|α|(∂x0)α0(∂x1)α1 ...(∂xn)αn , LZ denotes the
Lie-derivative w.r.t. Z ≡ (p˜ν , P˜ l) with
p˜0 =
√
|γ|
√
m2 + g˜ijpipj√
|g˜|
, p˜i = pi, P˜ l = −Γ˜lλνpλpν ,
g˜ij = h˜ij + µij , g˜ = (g˜ij), g˜00 = −|g˜||γ| , γ = (γab), a, b = 2, ..., n.
The characteristic Cauchy problem P1 is then extended to an ordinary spacelike Cauchy problem (P) in
ΩT × Rn with zero initial data on the the spacelike hypersurface Λ0, ie.:
(P)

Hh : g˜
λνDλν∂0hij = F˜ij + rij in ΩT
Hf : p˜
α ∂f
∂xα + P˜
i ∂f
∂p˜i + LZ̺ = r in ΩT × Rn
HA : g˜
λνDλνA = F˜ + rΦ in ΩT
(∂q0h, f, A, ∂0A)/Λ0 = 0, q ∈ {0, 1, 2}).
(A.3)
The unknowns functions are hij , A, f ; the C∞ functions rij , rΦ, r are defined by
rij =
{
0, if (xα) ∈ Y
−F˜ij(xα, 0, ..., 0), if (xα) ∈ ΩT − Y, rΦ =
{
0, if (xα) ∈ Y
−F˜ (xα, 0, ..., 0), if (xα) ∈ ΩT − Y, (A.4)
r =
{
0, if (xα, pδ) ∈ P
LZ0̺(xα, 0, ..., 0), if (xα) ∈ (ΩT × Rn)− P, (A.5)
where Z0 is deduced of Z by imposing h˜ = 0.
Now, for given C∞ functions ĥ = (ĥij), Â on ΩT , f̂ on ΩT × Rn s.t. υ = (υij = µij + ĥij) is properly
riemannian on ΩT , and for
υ = −|υ||γ|(dx
0)2 + υijdx
idxj
we consider the linear problem
(Pl)

H lh : υ
λν(xα)Dλν∂0hij = F˜ij + rij ≡ Gij in ΩT
H lf :
√
|γ|
√
m
2+υijpipj√
|υ|
∂f
∂x0 + p
i ∂f
∂xi + P˜
i ∂f
∂pi = −LZ̺+ r in ΩT × Rn
H lA : υ
λν(xα)DλνA = F˜ + rΦ ≡ J in ΩT
(∂q0h, f, A, ∂0A)/Λ0 = 0, q ∈ {0, 1, 2}).
(A.6)
where the C∞ functions P˜ i, G ≡ (Gij = F˜ij + rij), J ≡ F˜ + rΦ, −LZ̺ + r are taken for the metric
υ = (υ00, υ = (υij)), the function Â , and the function f̂ which is supposed of compact support. Thanks
to the Leray theory of hyperbolic systems applied for the equations H lh, H
l
A, and the classical method of
characteristics applied for the equation H lf , one has:
Lemma 1 The hypotheses are those of the theorem, then, for given C∞ functions ĥ = (ĥij), Â on ΩT , f̂ on
ΩT × Rn, the linear problem (Pl) has a unique C∞ solution defined on ΩT × Rn, with support contained in
Y × Rn.
Now, to obtain a C∞ solution for the nonlinear problem (P), we consider a framework of weighted Sobolev
spaces in order to apply a fixed point method. Given T > 0 and K > 1 large enough as indicated above,
considering Ωt, Λt as defined in (5.2), one sets for 0 ≤ t ≤ T :
Pt := {(xα, pδ) ∈ Ωt × Rn+1/υµνpµpν = −m2}. (A.7)
One denotes by C∞0 (Ωt) the space of restrictions to Ωt of C∞ functions defined in a neighborhood of Ωt and
by C∞0 (Pt) the space of restrictions to Pt of C∞ functions with compact support in a neighborhood of Pt.
Let s ∈ N. For a function v = (vI) defined in a neighborhood of ΩT , for a function f defined in a neighborhood
of PT , we introduce the norms
‖v‖2Hs(Λt) :=
∑
I
∑
|α|≤s
∫
Λt
|DαvI |2dx, ‖f‖2F s(Λt×Rn) :=
∑
|α|+|β|≤s
∫
Λt×Rn
(p0)2(|α|+|β|)+1|Dαx∂βp f |2dx′dp;
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where for α ∈ Nn+1, β ∈ Nn,
Dαx∂
β
p :=
∂|α|+|β|
(∂x0)α0(∂x1)α1 ...(∂xn)αn(∂p1)β1(∂p2)β2 ...(∂pn)βn
,
dx′ := dx1...dxn, dp := dp1...dpn, dx = dx0dx′;
and denote by Es(Ωt) (respectively E
s(Pt) ) the closure of C
∞
0 (Ωt) (respectively C
∞
0 (Pt)) w.r.t. the norms
‖v‖Es(Ωt) := sup
0≤τ≤t
‖v‖Hs(Λτ ), ‖f‖Es(Pt) := sup
0≤τ≤t
‖f‖F s(Λτ×Rn).
Lemma 2 For every solution (h, f, A) ∈ C∞0 (ΩT )× C∞0 (ΩT × Rn)× C∞0 (ΩT ) of the linearized problem (Pl),
one has for s > n2 + 2, t ∈]0, T ]:
‖f‖Es(Pt) ≤ C(T )‖ − LZ̺+ r‖Es(Pt). t;
‖h‖2Hs(Λt) ≤
∫ t
0
{
R1(τ)‖h‖Hs(Λτ ) + R2(τ)‖h‖2Hs(Λτ )
}
dτ, ‖h‖Es(Ωt) ≤ Z2‖G‖Es−2(Ωt).t;
‖A‖2Hs(Λt) ≤
∫ t
0
{
R3(τ)‖h‖Hs(Λτ ) + R4(τ)‖h‖2Hs(Λτ )
}
dτ, ‖A‖Es(Ωt) ≤ Z3‖J‖Es−1(Ωt). t;
Z2, Z3 are constants depending only of T and some intrinsic constants.
Now we consider the map
 L : (C∞0 (ΩT ))
n(n+1)
2 × C∞0 (ΩT × Rn)× C∞0 (ΩT ) → (C∞0 (ΩT ))
n(n+1)
2 × C∞0 (ΩT × Rn)× C∞0 (ΩT )
(ĥ = (ĥij), f̂ , Â) 7→ (h, f, A)
where (h, f, A) is the unique solution of the linearized problem (Pl) associated to (P) for the given functions
(ĥ = (ĥij), f̂ , Â); let s the smallest integer such that s >
n
2 + 2; set: Es ≡ (Es(ΩT ))
n(n+1)
2 × Es(ΩT × Rn) ×
Es(ΩT ). Therefore  L extends to a map  L
′ defined similarly and mapping Es into itself:
 L′ : Es ≡ (Es(ΩT ))
n(n+1)
2 × Es(ΩT × Rn)× Es(ΩT ) → Es ≡ (Es(ΩT ))
n(n+1)
2 × Es(ΩT × Rn)× Es(ΩT )
(ĥ = (ĥij), f̂ , Â) 7→ (h, f, A).
Using the energy estimates above, one shows that there exists T∗ > 0 small enough and R > 0 large enough
s.t.  L′ is a contraction map from the closed ball B(0, R) of the Banach space Es into itself.  L′ admits a
fixed point which is the desired solution of (P). The C∞ regularity of this solution (h, f, A) is established by
showing by induction on m and some classical arguments [4], that (h, f, A) ∈ Em(ΩT × Rn) for every m ≥ s,
and finally by using the Sobolev embedding theorem. The support of this solution is in the domain above I.
The evolution system (Hg, HΦ, Hρ) thus has a unique C∞ solution (g; Φ, ρ) for the given C∞ initial data 
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